INTRODUCTION
HE PRESENT WORK has been motivated by the T need to excite and propagate acoustic waves in optical fibers without acoustic cladding. As has been shown elsewhere [ 11, acoustic flexural waves propagating along an optical two-mode fiber provide an efficient coupling between the modes. The effect was demonstrated in a frequency shifter configuration, although many other applications are conceivable. These include amplitude modulators, phase modulators, switches, and switchable couplers. Excitation of the acoustic waves was performed by connecting the fiber rigidly to the end of a glass rod which propagated acoustic waves of high amplitude. This high amplitude was obtained by exciting lower amplitude waves at the other end of the glass rod where the cross section was appreciably larger. A tapering was made between the two sections. Acoustic horns have been reported extensively in the literature, see, for example, [2] . These horns were made to transform low amplitude oscillations into high amplitudes by changing the cross section of the rod. However, they have been limited to resonant structures of length equal to multiples of half a wavelength and with transverse dimensions small compared to a wavelength. In the present case we use a nonresonant structure which is long compared to a wavelength and with transverse dimensions both small and large compared to a wavelength.
Solutions to wave propagation in solid cylinders have long been known [3] , and this problem has been extensively discussed in the literature (see, for example, [4] -[SI). Although the problem has been formally solved, specific solutions have been less abundant probably due to lack of computing power to solve the relatively complex equations. Furthermore, even fewer specific solutions of the mode patterns have been published. Also, among these solutions two examples of erroneous mode patterns have been found. It was therefore felt that a more extensive review of specific solutions of both dispersion and mode behavior was desirable.
In the present work the propagation of acoustic waves in circular rods will be considered. Special emphasis will be put on the lowest order modes of the three mode groups, i.e., longitudinal, torsional, and flexural modes. This is determined by the fact that these are the only modes propagating over the actual range of parameters relevant for the experimental setup described in [I] .
In the next section we shall define the problems to be considered. We shall present the basic theoretical results used for computation. Numerical results for the dispersion will be shown for a wide range of material parameters. Specific results relating to the fiber-optic frequency shifter will be given, including the mode pattern behavior. Power relations and acoustooptic interaction will be discussed as well as transduction and excitation conditions. Experimental results will also be given.
DEFINITION OF THE PROBLEM
It has been shown that in a two-mode optical fiber efficient coupling between the two modes occurs when a static periodic bending of the fiber is introduced. The required periodicity of this bending is determined by the beat length of the two modes [9] . When this bending travels as an acoustic (flexural) wave, the optical frequency is also shifted by the frequency of the acoustic wave. This has been demonstrated recently in an optical frequency shifter [l] .
It is of interest to investigate in some detail the properties of the acoustic modes in this frequency shifter. The setup is sketched in Fig. 1 . Flexural waves propagate along a part of the optical fiber where the plastic jacket has been stripped. In this area the waves suffer only insignificant attenuation. A rod made of fused silica with one end of diameter comparable to that of the fiber, is rigidly attached to the fiber as shown. The other end of the rod has a much larger diameter and is connected to an 0733-8724/88/0300-0428$01 .OO O 1988 IEEE acoustic transducer. By tapering the rod between the two diameter values over a sufficiently large length, it is expected that the amplitudes generated at one end of the rod will be converted into higher amplitudes at the other end because of the much smaller area. Provided there is an efficient transmission of power from the rod to the fiber, the longitudinal movement of the tip of the rod will thus create a flexural wave of large amplitude in the optical fiber. Due to the symmetrical setup, flexural waves will be excited in both directions. If necessary, acoustic waves propagating in one of the directions can be suppressed by applying a strongly absorbing material on one side of the junction [ 11.
Although we have so far discussed a longitudinal motion of the rod tip, it is easily seen that flexural and torsional movements at the tip will also couple to flexural waves in the optical fiber. We shall therefore be interested in all these modes.
The optical fiber has a built-in nonuniformity (core and cladding) for the purpose of light guidance. Since the acoustic wavelength of our interest is much larger than the dimension of the core, we shall define our model to be a homogeneous rod. Furthermore, our model disregards any stretching of the fiber which might be of importance when the acoustic wavelength is very long compared to the rod diameter, i.e., for very low frequencies.
We shall apply previously published theoretical results to calculate numerically dispersion relations in cylindrical rods. For reference purposes a wide range of material parameters will be used, and all three mode groups will be considered. Phase velocities for several modes within each mode group will be calculated. More detailed results will then be given for fused silica which is our material of interest.
ACOUSTIC WAVE PROPAGATION
In this section we shall review the general solutions of the acoustic wave equations in solid, circular rods consisting of isotropic, homogeneous material. The coordinate system to be used is shown in Fig. 2 . The rod has a diameter of 2a and an infinite length. The material presented below has been discussed by several authors (see, for example, [4], [ 6 ] , [7] , and [IO] ). During the present work it was found, however, that numerical results published previously were adaptable to our needs only to a limited extent.
Solving the wave equation in cylindrical coordinates according to Fig. 2 , the general displacement distribution given by ur, U+, and uz can be shown to be sin ( n 4 )
Here, w is the angular frequency, ko is the propagation constant in the z direction, and n is an integer describing the circumferential field variation. Either the lower set of the upper set of trigonometric functions is to be used. The radial variations are given by W ( r ) = -i[AkoJ,(kd') -B k r J , ( k r r ) ] . ( 2 ) Here, J, is the Bessel function of the first kind and of order n , JA denotes its derivative with respect to the argument, and kd and k, are given by
where the bulk dilatational and transverse wave velocities cd and c, are given by the density p and LamC's constants X and p through c: =
Requiring the three components T,,, Trz, and Tr+ of the stress tensor to be zero for r = a yields the dispersion relation determining ko as well as the relative magnitudes of the constants A , B , and C. These constants can be normalized by some suitable requirement.
We shall first consider the longitudinal modes, i.e., the modes which are axially symmetric and have no circumferential movement. This is obtained by choosing n = 0 and using the lower set of trigonometric functions in (l), where C , being decoupled from A and B for n = 0, is set independently to zero. Introducing the "normalized"
wave numbers q, = k,a, qd = kda and qo = koa, we obtain the following two equations in A and B :
plotted the group velocity given by cg = ./( 1 -;E). ( 7 ) Applying ( I ) , (2), and (5) we can find the amplitude distribution. Numerical calculations for fused silica are shown in Fig. 5 wherefalc, has been used as parameter. Normalization has been performed by requiring that the The dispersion relation is obtained by requiring the determinant of these equations to be zero. Having solved this problem, the relation between A and B can be found by applying one of the equations in ( 5 ) .
In solving these equations, it has been found convenient to normalize the velocity c to text = ( Y / p ) ' I 2 which is the velocity of the fundamental longitudinal mode in the low frequency limit, where Young's modulus Y = p ( 2 p + 3X)/( p + A). Thus we define the relative velocity CreI = ~/ c e x t . ( 6 ) To obtain universal curves we have chosen the dimensionless parameterfa / e , as the independent variable where f = 0/27r. In this way it is easy to study the propagation parameters as a function of frequency for a given dimension. As is important in this work, we can easily find the variation with varying rod radius for a given frequency.
Numerically calculated dispersion curves for longitudinal modes are shown in Fig. 3 with Poisson's ratio U as parameter. For reference, U = X/2 ( p + A ) has been varied over the range of practical interest, and the five lowest order modes are shown. They all have circumferential symmetry but differ in the way they vary radially. Only the lowest mode extends to the lowestfu/c, values. Since we shall consider this range, the lowest mode is of particular interest. We shall therefore study this mode in some detail. Thurston [6] has discussed cutoff conditions for higher modes in more detail.
The calculated phase velocity for the lowest mode is shown in more detail in Fig. 4 for fused silica which has the following data [ [7] has published displacement curves for U = 0.25 which disagree with ours in essential details. Substantiated by the fact that his results do not evolve towards the expected surface-wave behavior as discussed above it has been concluded that his calculations suffer from some error.
We shall suppose that a rod with a gradually varying radius a will transform a longitudinal mode of a small diameter section into modes approaching surface waves as shown in Fig. 5 . If this tapering is slow enough, the change in mode pattern will be without noticeable loss due to mode conversion. By reciprocity, a surface-wavelike wave excited uniformly around the rim at the thick end of the rod is transformed into a mostly longitudinal displacement at the other end if the rod radius is made sufficiently small. This displacement pattern is well suited to exciting flexural waves in an optical fiber connected to this end.
For torsional modes we shall maintain n = 0 and use The circumferential displacement of this dispersion-free mode varies proportionally with the radial distance.
The other solutions correspond to displacements as found from (2), i.e., A third group of modes called flexural waves is obtained by putting the integer n # 0 in (1). In this case, all three displacement components are present, and the boundary conditions of a stress-free surface leads to a dispersion relation that can be written A , B , and C of (2) can be determined, as before. The choice of the upper or lower set of trigonometric functions in (1) differs only in the choice of direction of the x-axis and y-axis of Fig. 2 . Fig. 7 shows dispersion curves for the five first modes when n is chosen to have its lowest possible value, n = 1. As for the other mode groups only the lowest mode is propagated for very low values offulc,. The phase velocity of the lowest mode goes uniformly to zero approximately as ( ~u / c , ) ' /~ for small values of this parameter, while for high values it approaches the surface-wave velocity of a plane surface. The other modes approach the transverse wave velocity for high f a / c r values.
If n is larger than 1, we obtain higher order flexural modes. An example is shown in Fig. 8 where n = 2 has been considered. It demonstrates that all modes are cut off at low f a / c , values and that for largefu/c, the lowest mode approaches the surface wave velocity while the other modes approach the transverse wave velocity. These properties are typical of flexural modes with n larger than 1.
f a h t ing of a birefringent fiber that provides coupling between polarization modes in a frequency shifter as recently reported by Risk et al. [13] . One could think of a version of this polarization coupling frequency shifter where the fiber is acoustically free along the interaction length. This configuration would confine the acoustic field within the fiber so that the coupling efficiency could be high. Utilizing the lowest n = 2 acoustic mode for this coupling, Fig.   8 shows that the coupling cannot be used for arbitrarily small values of fa /c,, although all acoustic wavelengths can be produced. A detailed discussions of such a device will not be given here. Fig. 9 shows the calculated phase and group velocities for the lowest mode of the n = 1 group for fused silica. Fig. 10 shows the mode pattern variation with the f a / c , parameter. The calculations show that in the limit of small fa / c , the displacement is purely transverse while for high values the displacement approaches a surface wave distribution as expected. It should be noted that as opposed to the lowest longitudinal mode this mode is modulated by a sine function in the circumferential direction. The results shown in Fig. 10 agree qualitatively with calculations made by Thurston [6] . They disagree significantly with results obtained by McSkimin [8] . As pointed out by Thurston this discrepancy is due to mode misinterpretation by McSkimin.
POWER RELATIONS
In the optical fiber the lowest flexural mode is of special interest for the acoustooptic interaction. At the thin end of the rod only the lowest of the longitudinal modes is presently used for excitation of the flexural mode in the fiber. Nevertheless both the lowest flexural as well as the lowest torsional mode can possibly be used for this purpose. In determining relations between the rod radius and the acoustic amplitude for a given power we shall therefore be interested in all three modes. We shall also determine how the strength of the acoustooptic interaction induced by a flexural wave propagating along a fiber varies with the fiber radius.
The (time averaged) energy density E of a traveling wave having displacement components given by (1) is equal to the sum of the peak kinetic energy densities for each displacement component, i.e., [ 101 :
The power P flowing through the cross section S is given by
S ,
Combining the two last equations, the power flow can be expressed in terms of the temporal peak displacement components, i.e., where the normalized radius R = r / u has been introduced. The constants on the right-hand side of this equation can be varied through a variation of the parameter fa /cf. We have therefore established a universal relation between the displacement and the transmitted power in terms offu/c,. As we have seen in previous figures, distribution and relative magnitudes of the displacement components vary considerably when f a / c , is varied. Accordingly there may be several choices in selecting one particular quantity describing these amplitudes. We have chosen the spatial maximum value of any of the three displacement components for a given cross section to represent the displacement. Computed amplitudes thus obtained for fused silica are shown in Fig. 11 . From this figure we can find the variation in amplitude as the radius varies along the vertical rod of Fig. 1 . Presently we are mostly interested in the longitudinal mode for this purpose, but we have also included the other two for reference. By comparing different values of f a / c , , we can also get an estimate for the "transformer" ratio along this rod. Evidently Fig. 11 can be used for the propagating modes in the fiber also since the material constants there are the same. In the next section this aspect will be considered in more detail.
ACOUSTOOPTIC COUPLING We shall consider the actual interaction efficiency in the optical fiber. Recent calculations [ 141 have shown that in a two-mode fiber flexural waves will couple light from one spatial mode to the other with 100-percent efficiency over a length L, given by where Lh is the optical beat length between the first and second order spatial modes of the two-mode fiber, a, is the fiber core radius, U, is the transverse acoustic wave amplitude, and CY is a constant close to unity.
Since the core radius is small compared to the fiber radius, we shall equate U, to the value of 1 U, 1 (or 1 urn 1) for r = 0. By means of (15) the relation between the acoustic input power and the coupling length is thus obtained. Besides the obvious dependence on power input, we are interested in the variation of the required coupling length when the fiber radius is changed, such as by etching the fiber. Since the inner core, and accordingly the optical beatlength L, is kept constant, the desired acoustic wavelength has to be maintained constant. The variation of the acoustic wave velocity with fiber radius, however, requires the frequency to be adjusted to satisfy this requirement.
Defining an acoustooptic coupling efficiency through
Equation (16) can be rewritten ,,,,,,,, , ,r,,,,, As a numerical example the following data are given for a two-mode fiber used in previous experiments [ l ] , For the fiber, k, has been plotted as a function of fiber radius normalized to the beatlength in Fig. 12(a) . For other core parameters, k, can be calculated by scaling according to its definition as given above. The variation of the required acoustic frequency (normalized to c e X t / L b ) with the same radius parameter is shown in Fig. 12(b) . This quantity can be found from previous dispersion calculations while observing that where A is the acoustic wavelength.
Keeping the core properties constant, we see from Fig.  I2(a) that the coupling efficiency for a given input power can be considerably increased by reducing the outer radius of the fiber. For low values of a / L h it varies proportional to ( a / L b ) -2 ' 5 . This increased coupling efficiency comes at some expense, however, as the acoustic frequency must be simultaneously reduced to keep the acoustic wavelength equal to the optical beatlength. For low values of a / L b the required frequency is linearly proportional to this quantity.
TRANSDUCTION AND EXCITATION
As discussed earlier, the acoustic transducer connected to the thick end of the glass rod aims at launching longitudinal waves at its thin end. Assuming a symmetric glass rod we now know that this requires surface-wave-like modes to be excited at the thick end. Although this transduction is not yet optimized, the situation at the thick end of the rod in Fig. 1 is similar to that of a previously reported method of applying edge-bonded transducers for surface wave excitation [ 151. The main difference is believed to be that the present transducer is poled for longitudinal excitation while the edge-bonded one had shear excitation. Nevertheless it appears that this transduction has been sufficiently strong to demonstrate full conversion between the two optical modes [ 11. Besides the expected longitudinal motion, it is believed that a transverse force field is created from cross coupling due to the transverse boundaries of the transducer, thus enhancing surface wave excitation.
When the longitudinal waves in the rod reach the thin end, they excite flexural waves in the optical fiber. AIthough this excitation mechanism is rather complicated, we shall use a simple model for a rough estimate of the excitation efficiency. The model replaces all distributed forces of a cross section with a combined, localized force. Thus having obtained one-dimensional descriptions of the forces in the fiber and at the tip of the rod, we can use standard transmission line theory to calculate transmission loss at the junction where the rod and the fiber are connected. We define the longitudinal acoustic impedance of the rod tip [lo] 
where cr is the longitudinal velocity, p r is the density, and A, = r a f is the cross-section area of the tip. Similarly, we define the acoustic impedance of the flexural wave in the fiber as seen from the rod by changing the subscripts from r tof:
Here, the area Af must be counted twice because of the bidirectional excitation. Optimum transmission occurs when Z, = Z f . Assuming p r = ,of, this condition can be written a, = af -.
:
Deviation from this requirement results in extra transmission loss in our model as given by the power transmission coefficient which also takes bidirectionality into account. The transmission coefficient has been calculated as a function of rod radius. The result is shown in Fig. 13 where the fiber radius has been assumed to be 42.5 pm and the flexural wavelength 265 pm corresponding to a frequency of 7.8 MHz. The figure shows that an optimum loss of 3 dB occurs at a rod radius of about 35 pm, and that the loss is less than 3 dB in excess of the bidirectional loss if the rod radius is between 15 and 85 pm. Although the model is considered to be less accurate for the upper range of these rod radius values, the result indicates that the junctio loss is not critically dependent on the rod radius.
MEASUREMENTS
Experiments have been performed to check the calcu lations presented above. They have been carried out 0 1 the frequency shifter setup mentioned previously, ani were therefore limited to the frequency region defined b its transducer. Flexural waves were measured in the fibe by an optical technique which is sketched in Fig. 14. L single-mode probe fiber is placed near the optical fiber ii such a way that the acoustooptical fiber partly interrupt light emerging from the end of the probe fiber. The ligh not being interrupted by the acoustooptical fiber is even tually collected by a lens and focused onto a detector. Thc current from the detector contains information on thc phase and amplitude of the local oscillation of the acous tooptical fiber. The phase can be retrieved by cornparin! the detector current with the signal from the acoustic fre quency generator in a vector voltmeter.
In Fig. 15 we show a phase wave obtained by thii method by scanning the probe along the optical fiber iI the neighborhood of where the rod tip is attached to tht fiber. The expected change in phase slope when passin! the excitation region is clearly seen.
By tracking the phase over several wavelengths outsidt the excitation region, the phase velocity has been deter mined. This was done for several frequencies, and in Fig  16 the result of these measurements is compared with cal. culated values for flexural waves. The material parame. ters used here are the same as used previously for fusec silia, and the fiber radius was 42.5 pm. It should be notec that the highest measured frequency corresponds to thc frequency used for acoustooptic interaction in this fibei [I] , and that the acoustic velocity obtained at this frequency agrees with that deduced from static periodic mi. crobending [16] . It is seen that the measurements agree well with the calculations, thus confirming the model thal has been used.
CONCLUSION
Coupling of the two optical modes in a two-mode fibeI has been shown to be efficient when performed with a flexural acoustic wave propagating along the fiber. The present scheme of excitation of the flexural wave requires the energy to be propagated from a piezoelectric transducer through a tapered cylindrical rod. The mode at the thin end of the rod has been chosen to be longitudinal for the present experiments although both flexural and torsional modes might be used. Therefore a relatively broad presentation of all mode types is given, because the mode shapes change substantially over the parameter range of interest, and also because errors have been found in the literature in describing the acoustic displacement distribution. Of the calculated results, phase velocities of flexural waves have been verified experimentally by an optical probing technique. In a recent experiment [I] it was concluded that full mode conversion was obtained in a 3-in-long optical fiber with an electric input signal of 100 mW. The acoustic ACOUSTIC WAVES 435 power needed to accomplish this, calculated from the results obtained in the previous sections is about IO mW, corresponding to an acoustic amplitude of about 15 nm. The resulting power loss of IO dB seems to be in reasonable agreement with transduction loss, propagation loss, and excitation loss at the junction.
Calculations have shown that by reducing the fiber radius and keeping the core constant, the coupling length can be reduced substantially for a given acoustic power. This means that the bandwidth of the acoustooptic coupling can be increased by reducing the fiber radius. Alternatively acoustic power can be reduced if the coupling length is kept constant. As the fiber radius is reduced, however, the operating frequency must be reduced to match the beat length. For some applications it will therefore be important to make transducers with high fractional bandwidth. This problem has not been addressed here.
Finally, we indicate modifications to the present basic structure will enhance its performance as a frequency shifter. The proposed scheme is shown in Fig. 14. The frequency-radius product has a value corresponding to virtually no acoustooptic coupling where the excitation takes place at B . Therefore the effect of the counterpropagating wave being responsible for the undesired sideband at the image frequency can be substantially suppressed. When the desired wave amves at C, it enters a region where the fiber is etched to a radius so that interaction occurs. The region CD may be optimized for one frequency, and its length may be equal to the coupling length. To increase bandwidth of the interaction, the region DE may be optimized for a different frequency. By extending this procedure further, a wide bandwidth can be obtained. In practice. a smooth variation of the fiber radius over the total interaction length may be desirable. If the resulting variation in group delay with frequency is objectionable, it may be overcome by predistorting the electrical input signal. This can be achieved in a dispersive delay line. A possible candidate is an acoustic surface wave device, but other possibilities also exist.
